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A Statistical Model of a Porous Medium 
with Nonuniform Pores 

R. E. HARING 

and R. A. GREENKORN 
EM Production Research Company 

Purdue University, Lafayette, Indiana 
A rqndom network model of a porous medium with nonuniform pores has been constructed. 

Nonuniformity is achieved by assigning two-parameter distributions to pore radius and pore 
length. Statistical derivations result in expressions for bulk model properties which are consist- 
ent with known empirical behavior of porous media such as capillary pressure, hydraulic per- 
meability, and longitudinal and transverse dispersion. A series of experiments is suggested 
whereby the Wrameters of porous media structure may be determined from observed macro- 
scopic behavior by using the expressions developed in this paper. 

This study describes a simple model of the structure 
of a porous medium with nonuniform pores. There are 
models, statistical in nature, which describe the micro- 
structure of porous catalysts (4, 6, 9, 15, 18, 2 1 ) .  
(Darcy’s law may not be valid for flow in the microstruc- 
tures.) These models are generally capillary unit cell 
models. The appropriate mass transfer equation is intz- 
grated to find effectiveness factors for these porous cata- 
lysts. The model described herein is for bulk phenomena 
associated with a pressure gradient (Darcy’s law is valid) 
rather than diffusion due to a concentration gradient. 
Previous statistical models for describing bulk phenomena 
did not include nonuniformity (5 ,  10, 17). Real porous 
media even though seemingly homogeneous and iso- 
tropic are most often nonuniform, and this nonuniformity 
may affect the observable bulk phenomena. A parametric 
statistical model is used to calculate macroscopic proper- 
ties of the medium such as capillary pressure, permeabil- 
ity, and dispersion in order to relate these properties to 
the structure of the model. A pore can be described in 
terms of its radius, length, and orientation in a flow field. 
The model is constructed of two-parameter distribution 
functions. The parameters of these distribution functions 
may be related to the physical properties of the proto- 
type structure. Orientation is random with all directions 
allowed. Various properties of a porous medium are found 
by integrating over the joint distributions resulting from 
the model so constructed. Random walk of particles of 
fluid is used to describe macroscopic dispersion during 
laminar flow through the model. Finally, the results are 
discussed in view of experimental data and continuum 
theories to examine the effect of nonuniformity on the 
observable phenomena. These studies, more experimental 
data, and extensions to heterogeneous anisotropic models 
are necessary to understand and develop a more general 
theory of dispersion in real porous media. 
THE MODEL 

The model pore space is approximated by ii large 

‘In a Row sense homogeneous means no distortion of bulk stream- 
lines from flow in a homogeneous potential field. 

qumber of randomly oriented, straight, cylindrical pores. 
The elemental pore in this network is presented in Figure 
1 as a straight cylinder of length I and radius r. The pore 
is oriented in space by an angle 0 from the z axis (the 
direction of flow) and by an angle $ which is the angle 
between the y axis and the projection of the center line 
of the pore in the x-y plane. We assume for this study 
that all directions of an elemental pore are equally likely 

and 0 L 6’ 6 -, 0 L $ 2 ~ .  The model can be con- 

structed in terms of dimensionless quantities by defining 

P 

2 

0 s l L L  and O - - ‘ l Q L 1  (1) 
1 1Q = -. 
L ’  

and 

Both L and R must be finite in a real porous medium. 
To make the model nonuniform, the dimensionless 

length 1’ and dimensionless radius r’ are each assumed 
to be distributed according to the beta function (1 1 ) . 

where p l  and p z  are arbitrary parameters. The beta func- 
tion was selected as the probability distribution function 
for both radius and length, since the random variables 
have a range of zero to one and the distribution has a 
spectrum of skew and symmetric shapes depending on 
the choice of the parameters. Familiar two-parameter 
distributions (for example, normal, chi squared, etc.) 
lack flexibility to simulate natural petrographic phe- 
nomena and particularly suffer from the shortcomings of 
infinite range which are contrary to Equations (1) and 

If we assume the radius, length, and orientation of the 
elemental pores to be independent,+ then the probability 

( 2 ) .  

+ I n  a uniform, isotropic medium of constant porosity, length and 
radius are dependent (through pore volume). In general, radius and 
length are not dependent. 
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TABLE 1. CALCULATED VALUES OF DISPERSION (SQUARE 
CENTIMETERS PER SECOND) FOR VARIOUS VALUES OF THE 

PARAMETEBS OF THE BETA DISTRIBUTION 
(VELOCITY = 0.1 CM./SEC. ) 

b ff B K L  x 103 KT x lo4 K J K T  

2 -% -34 7.28 7.87 9.37 
2 0 0 1.77 4.85 3.66 

2 -% 1 33.2 16.8 19.8 
2 2 4 4.82 6.54 7.40 
2 2 2 3.78 5.87 6.42 
2 4 2 2.43 4.89 4.96 
2 1 1 4.54 6.32 7.18 
4 2 4 3.96 5.15 7.70 
2 2 4 4.30 5.98 7.20 
4 1 1 4.78 4.96 9.65 
2 1 1 7.95 11.6 6.85 
4 4 2 2.02 4.00 5.05 
2 4 2 4.26 8.95 4.76 
1 4 2 1.98 4.28 4.68 
1 2 4 3.54 5.75 6.16 

distribution functioll for length and radius are 

and 

The average values for I" and r" are found from the 
first moment of the distribution function to be 

a +  1 <I> <1"> = -- - 
a + b + 2  L 

and 
<r> =- a - t l  <ro> = 

' a + J 3 + 2  R 
The model is conceived as a large number of randomly 

intersecting elemental pores. The probability a given 
pore exists with size in the range 1' += I" + dl", ru 4 

r" + dr", 8 4 8  + do, and $ + $ + d$ is given by the 
normalized product of the independent probabilities such 
that 

V,dS = - N nR2 Lrb2 < l o > ,  g ( r " )  dr" 
Y L  i 

No. of vol. of pores probabicty of a 
pores of radius ro pore of radius r" 

( 10) 
Equation (10) is equivalent to 

dS = - - Nnr02 
R2L <Zo> g ( r " )  dr" ( l o a )  

VP 
or 

N n  ro2 <lo> g ( r b )  dr" 
N v  <rb2> <1"> ( lob)  dS = - 

and 
roZ 

<ro2> &=--  g ( r " )  dr" (10c) 

Since ro and I" are assumed independent, we c'an use 
the average length of the ensemble of pores. As the 
radius of a pore becomes smaller, according to Equation 
(9), the capillary pressure associated with it and its satu- 
ration will increase. Therefore, as the radius varies from 
0 to 1, saturation varies from 1 to 0. Integrating Equa- 
tion (10) after substituting Equation (5) for the radius 
and the second moment of the distribution function 

we get " 

( ~ " ) ~ + ~ ( 1  -rr")Bdrb (11) 

The invading fluid does not have access to all pores when 
r' 4 1. The error involved diminishes rapidly as S in- 
creases ( 5 ) .  We ignore this error. 

Combine the definition of r", Equation ( 2 ) ,  and the 
capillary pressure, Equation (9), to give 

which normalizes Pc with respect to the threshold pres- 
sure corresponding to the largest pore. Substitute Equa- 
tion (12) into Equation (11) : 

I - 
1 ( a  -t- b + l)! p*c (a + 6 + 311 - 

=Jo ( a  + 2 ) ! 8 !  dE = - 
2n a!b! 
Y. normalization 

(1")(1 - l " )bdl*  
, I 

probability 
l b +  1" + dlo 

(To)" (1 - r0)5  dr" 
(a + @ + l)! 

a!B! sin 8 de dd~ 

PROPERTIES OF THE MODEL 
Capillary Pressure 

The capillary pressure in a partially saturated pore is 
2u cos 0 

r Pc = - (9) 

Since the capillary pressure of a pore depends on its 
radius, the capillary pressure of an ensemble of pores 
will depend on the distribution of pore radii in the en- 
semble. The differential volume of fluid invading the 
pore space of the model increased by a fractional satu- 
ration dS is V, dS. This saturation change results from 
fluids entering all pores in the model of radius r" and 

The values for the incomplete beta function 

are tabulated (13) so a curve of P," vs. (1 - S) may 
be constructed by using the tabulated values for 

( 15) 
1 (1-ss) =B(-. P," ' , + 2 , 8 )  

Figure 2 shows radius distribution functions for a uni- 
form and a wide pore radius distribution. The capillary 
pressure curves determined from Equation (15) for these 
two distributions are in Figure 3. The results of Figure 3 
agree qualitatively with published data on capillary 
pressures (16) and exactly with results from network 
models ( 5 ) .  We measured the drainage capillary pressure 
of a 590- to 840-p glass bead pack (porosity 35.4%). The 
parameters for the radius distribution function were de- 
termined from the threshold pressure corresponding to 
the largest pore, that is, at ( 1  - S )  = 1. Figure 4 corn- 
pares the experimental data with the results calculated 
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Fig. 2. Radius distribution function. 

The average velocity in the z direction is 

X J / 

i 
Fig. 1. Description of the elemental pore spacc. 

from Equation ( 15). The experimental and calculated 
results agree to 90% (where the slope of the curve ap- 
proaches infinity). 

Permeo biiity 

The permeability of the model is found by relating tlic 
average velocity in an elemental pore to the average 
velocity in the ensemble. Consider bulk flow through the 
model only in the z direction; then, according to the 
Hagen-Poiseuille equation 

The components of this velocity are 

(17) 1 v, = u sin 8 sin + 
vY = 0 sin ecos + 
V,  = 0 cos e 

The average velocities in each direction for the ensemble 
of pores is found by integrating the velocity components 
of Equation (17) over the entire range of pore sizes and 
orientations such that 

1 <v,> = s, v sin 6 sin + dE 

I <o,> = s, v sin 0 cos dE I 

where dE is given by Equation (8) and the integration 
limits are the range of E " ,  r" 8, and +. The integration for 
the average velocities in the x and y direction is 

<v,> = 0 
<a,> = 0 

( 19) 

The average pore velocity for a fluid flowing in porous 
medium is given by Darcy's law and the Dupuit-Forch- 
heimer equation (19) : 

Since <v,> = V, Equations ( 2 0 )  and ( 2 1 )  are com- 
bined, and 

( 2 2 )  
k R2 (a + 2) (a + 1) 
4 24 ( a : + / 3 + 3 ) ( a + p + 2 )  
-=- 

or, in terms of average radius 

k <r>2 ((Y + 2) (a + p + 2) 
( 2 3 )  4 24 ( a + p + + ) ( a +  1)  

The permeability estimated for the glass beads used 
for the capillary pressure of Figure 4 estimated from 
Equation (23), with values of a and estimated from 
the threshold pressure, is 160 darcies. The measured 
permeability value for the bead pack is 175 darcies. 

Dispersion 
A cloud of marked particles flowing through a porous 

medium will disperse owing to convection. This convec- 
tive dispersion is a result of the tortuous and circuitous 
nature of the flow paths in a porous medium. For most 
flow situations of interest to engineers, the residence time 
of the fluid in an individual pore is much smaller than 
the time necessary for appreciable mixing due to molecu- 
lar diffusion within that pore. If we assume the residence 
time is small enough such that the effect of molecular 
diffusion is negligible, expressions for the dispersion co- 
efficients of the model can be found by determining the 
probability distribution of the position of a marked par- 
ticle after a random walk of independent steps through 
the model (2). The problem is reduced to one of deciding 
which pore a marked particle will select when it arrives 
at a junction of two or more pores. At each junction the 
probability of path choice must be related to the proba- 
bility of existence of a pore dE,  Equation ( B ) ,  and to the 
velocity distribution at  the junction. The possibilities we 
considered are that the choice is proportional to the 
velocity u given by Equation (16) and the volumetric 
rate q integrated from Equation (16). For each possibil- 
ity we have the further possibilities; the average micro- 
scopic streamline is selected and the streamline is selected 

-=- 

proportional to the velocity distribution K [ l -  (91. 
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Fig. 3. Capillary pressure curves from Figure 2 distributions. 

Since we cannot identify streamlines with this model, and, 
furthermore, we cannot assume a particle will jump 
streamlines on shifting pores (laminar flow is assumed), 
it is reasonable to select the average streamline. The 
choice between the differential ( u )  and integral ( 4 )  form 
of the Hagen-Poiseuille law appears to be arbitrary. 
Physically it is more realistic to use y. The results cal- 
culated for the choice of u (7) differ from the choice 
used here (9) by a two integer shift of the parameter a.+ 
Therefore, the probability of path choice is assumed ;IS 

(24) 

Substituting (2) ,  (8). and (16) into (24) aiid iiormaliz- 
ing since the integral over dP must equal unity, we get 

sinBcosB (a + b + 1 ) l  
57 a!b! 

dP = ( Z * ) a ( 1 -  Z*)b 

( r" )a+4(1  - r*)Pd$dBdZ* dr' (25) ( a  + /3 + 511 
('a + 4) !/3! 

The longitudinal and transverse dispersion LweAicients 
are defined in terms of the variance of the longitudinal 
and transverse displacements and the time required for 
such displacements, such that for the model discussed 
here 

and 

- 
where (2 - VT)2,  XT P are the variances of the average 
displacements in the z, x, and y directions. - (Since we are 
discussing flow in the z direction, X 2  = 9) .  We can 
find the statistical displacement functions after a large 
number of steps n (see Appendix),++ but, according to 

t We preempt and mention that with the choice of u the expressions 
for dispersion include the terms a, a - 1 in the denominator which 
require limiting a to values other than 0 and 1. For a choice of 9 this 
limitation is not necessary. On the other hand, the choice of u gives the 
result that a particle following the most probable path is transported with 
the average velocity. 

f f Equation numbers with prefix A are derived in the Appendix which 
has been deposited as document 00868 with the ASIS National Auxiliary 
Publications Service, c/o CCM Information Sciences, Inc.. 22 W. 34th 
St., New York 10001 and may be obtained for $1.00 for microfiche or 
$3.00 for photocopies. The term I is defined in the Appendix. J = 
(a + l)(a + 2)(a + j3 + 4 ) ( a  + B + 5 )  
(a + 3)(a + 4)(a + @ + 2)(a + B + 3) 

0 -TABULATED VALUES FOR 
0'0, 8 ' 2  .- EXPERIMENTAL VALUES 

0 .20 .40 60 .80 

I-s 
Fig. 4. Comparison of measured and calculated capillary pressure. 

Equations (26) and (27), we need the statistical prop- 
erties after a fixed time. It has been shown that the prob- 
ability distribution function for the dimensionless time 
for time fixed and the number of steps variable coin- 
cides with the probability distribution function for the 
dimensionless time with the time variable and the number 
of steps fixed when n is very large (1 7).  

Define Y as the displacement in the y direction after a 
time T corresponding to a large 7% of order 5; then, from 
Equations (A-15), (A-16), and (A-30)t 

] (28) 
- 
Yz = LVT [A 

8 ( a +  b +  3)J  
and the transverse dispersion coefficient from Equation 
( 2 7 )  is 

3 ( a + 2 ) ( a + b + 2 ) -  
16 (a + 1) ( a  + b + 3)J 

KT = - .<z> v (29) 

The same value of KT results by using p. 
Define 2 as the displacement in the x direction after a 

time T corresponding to large n of order E. Substitute 
Equations (A-29) t and (A-30) f into Equation (A-19) 
to give 

VT [" ( a  3- b + 2 )  LVT]1'2 
z = - - r  I 2 ( a + l ) J 3  

Further, considering (A-10) f and the consequences of 
(A-19) t through (A-22) t ,  we get 

The longitudinal dispersion coefficient from Equations 
(26), (A-28) t , (A-13) +, and (A-23) + is, therefore 

a See footnote on column 1 
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Fig. 5. Beta distribution. 

<1> V In 
1 ( a + 2 ) ( a +  b + 2 )  

12 ( a  + 1) ( a  + b + 3)12 
KL = - 

27 ( a  + b + 2)9 VT 
[T ( a +  1)2]3 -1 <I> ( 3 2 )  

The expressions for KL and KT, Equations (32) and 
(29), reduce to the results for uniform length and radius 
if a, a >> 1 and b, B = 0. The values of K L  and KT for 
nonuniform pores are larger than predicted on the basis 
of average pore length <Z>. The longitudinal dispersion 
coefficient KL is more sensitive to nonuniform pore prop- 
erties than the transverse coefficient. Both coefficients de- 
pend on the parameters of pore length and radius dis- 
tribution, as well as on average pore length. W’hen proh- 
ability of path choice is taken proportional to velocity 
(7) instead of flux as used here, the transverse dispersion 
coefficient is independent of pore radius distribution. The 
ratio KL/KT is virtually independent of pore length dis- 
tribution but is a function of pore radius distribution: 

27 ( a +  b + 2 ) 2  VT 
KT 91 2 ( a +  1)2$  <1> -1 (33) 
-=A[- KL 4 

The argument of the logarithm in Equations (32) and 
(33) is proportional to the average number of pores (or 
path changes) of the prototype porous medium. 

Figure 5 shows the beta distribution for several sets of 
values of the parameters p l  and pz .  The values for K,,, 
K T ,  and KJKT calculated from Equations ( 2 9 )  and (32) 
and (33) for the various distribution function in Figure 
5 are given in Table 1. These values correspond qualita- 

I LONGITUDINAL / c . g  (32) 
DIFFUSION OISPERSION 

C --C TRANSVERSE 
DIFFUSION I DISPERSION 

. I  I I I I I I 
.000001 .00001 .OOOl ,001 .01 .I 

v ( c m t s e c )  

Fig. 6. Comparison of measured and calculated dispersion for glass 
beads. 

tively to measured values in porous media of various 
degrees of nonuniformity. For a uniform, unconsolidated, 
isotropic media, one would expect a value of KJKT ap- 
proaching 3 ( 1 2 ) .  For consolidated media, the pore radius 
distribution will be severely skewed which leads to higher 
values of K L / K T .  

In general, for unconsolidated porous media, depend- 
ing on skewness of the distribution function, we would 
expect K J K T  to be from 3 to 10, and for consolidated 
media we would expect much higher values (3 ,  1 3 ) .  

We matched values of the longitudinal and transverse 
dispersion for unconsolidated 0.025-cm. glass beads 
(average) using Equations ( 2 9 )  and ( 3 2 )  and data re- 
ported in the literature ( 3 ) .  We assumed a symmetrical 
length distribution where a = 2, b = 2 with an average 
length of 0.0062 cm. which assumes the largest pore is 
one-half the bead diameter.* The radius distribution was 
assumed skewed with a = 2 and B = 4. This radiuT 
distribution is similar to the one used to fit the capillary 
pressure data of Figure 4. The calculated results are com- 
pared to the experimental values in Figure 6. The cal- 
culated ratio of KJKT is 10.9. 

We matched the longitudinal and transverse dispersion 
for a consolidated berea sandstone by assuming a length 
distribution of a = 2, b = 4 and a radius distribution of 
01 = - M, B = 6. For consolidated media, the length 
distribution is moderately skewed, and the pore sized 
distribution resembles a gamma function. The two dis- 
tributions selected have these characteristics. The average 
length was assumed as 0.00188 cm. The calculated re- 
sults are compared with the experimental values in Fig- 
ure 7. The calculated ratio of KJKT is 61.5.t 

Equation (33) predicts that the ratio of longitudinal 
to transverse dispersion is independent of velocity but 
proportional to the length of the media. Although litera- 
ture data ( 3 ,  8) indicate a slight velocity dependence on 
the ratio of KL/KT,  it is not clear that the transverse dis- 
persion coefficients reported are completely independent 
of diffusion (that is, velocity is not high enough). 

DISCUSSION 

Data on capillary pressure (16) and dispersion coeffi- 
cients (3 ,  14) of porous media with both uniform and 
nonuniform pores qualitatively support the properties of 
the model derived in this paper. Figures 4, 6, and 7 
quantitatively support the model. The shapes of capiIlary 
drainage curves for real media with monomodal pore 
distributions are remarkably similar to shapes generated 
by Equation ( 1 3 ) .  Empirical relations for both longitudi- 
nal and transverse dispersion coefficients in laminar flow, 
where molecular diffusion is negligible, show that thew 
coefficients are proportional to bulk velocity, porous media 
particle diameter, and a heterogeneity factor. This is es- 
sentially what is shown by Equations ( 2 9 )  and (32).  The 
argument of the logarithm in Equation ( 3 2 )  is propor- 
tional to length of the porous media. This logarithmic 
dependency has not been verified in the published litera- 
ture, perhaps because of lack of data over a sufficiently 
large length range for the same media. The two-param- 
eter distributions for pore length and radius result in ex- 
plicit expressions for the heterogeneity factor. The aver- 

* We assume the smaller beads fall between the larger ones; thus the 
largest pore will not be maximum head diameter. 

t To calculate the dispersion, we selected the distribution parameter 
which seemed to describe the media. We could adjust the parameter to 
get a better fit in Figures 6 and 7. To use the model in a way that does 
not allow adjusting parameters, we need a complete suite of measurements 
which are described in the next section. We can, of course, curve fit data 
and use the model to infer the StNctUre of the media. 
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Fig. 7. Comparison of measured ond colculoted dispersion for berea 

sandstone. 

age pore length appearing in this model is not necessarily 
equal to media particle diameter but is a sufficient length 
parameter with perhaps more physical significance. 

The foregoing discussion leads to an interesting pos- 
sibility for a series of experiments to determine the 
parameters of the statistical model presented herein. Per- 
form capillary pressure, permeability, and porosit 
surements on a homogeneous porous media. Also, mea- 
sure transverse and longitudinal dispersion coefficients in 
laminar flow at several velocities where molecular diffu- 
sion is negligible. Further, repeat the longitudinal dis- 
persion measurements in media samples of several dif- 
ferent lengths. The shape of the capillary pressure curve 
will be a function of CY and B from Equation (13 ) .  If 
the ratio KJKT is plotted vs. the logarithm of media 
length, the slope will also be a function of CY and /3 from 
Equation (33) .  Thus CY and /? can be obtained. Permeabil- 
ity and porosity measurements are used with Equation 
(23) to determine <r>,  the average pore radius. The 
extrapolation of K T / K L  to unity media length results in a 
function of a, b, and <Z>, the average pore length, since 
1~ and /i? have been established, as is seen from Equation 
(33) .  Substitution of this function of a, b, and < Z >  in 
Equations (29) and (32) as well as previously deter- 
mined values for (Y and B will lead to yet another function 
of a, b, and <I!>. This function is determined from the 
proportionality between KT and V and K L  and V at a 
given media length. If reasonable estimates of <I> can 
be made from photographic inspection of media thin 
sections and Equation (6), the complete suite of param- 
eters are determined from phenomenological behavior. 
To the authors' knowledge, no such complete set of data 
exists. 

Bear ( 1 )  has shown that for the mean flow in an 
arbitrary direction, the variance of dispersion Dij and the 
displacement L k l  are related by the transformation 

Y 

where the summation convention for Cartesian tensors 
applies, and @jkl is the geometric dispersivity tensor. For 
a homogeneous isotropic porous medium, the (zijkt reduces 
to an expression which depends on only two constants, 
a1 and an. The usual equation for concentration change 
during flow in a porous medium is 

or, in terms of the value al and aII (20), the expression 
for a homogeneous isotropic porous medium is 

and, therefore 

(37)  
where DI and DII are the longitudinal and transverse co- 
efficients of dispersion (the principal values of Dij). 
Equation (37) is valid for flow in one direction, and Dr 
and DII are equivalent to the K L  and KT of Equations 
(32) and (29) .  

To fully investigate the theory of dispersion, the de- 
pendence of the longitudinal dispersion coefficient on the 
size of n must be investigated. Other models might be' 
found for evaluating the variance of Tn to alter the form. 
The effects of heterogeneity, that is, the use of several 
distributions simultaneously for the pore radius and length 
distributions, should be studied. Anisotropy could be in- 
cluded in the model by limiting the range of the orienta- 
tion angles. 

CONCLUSIONS 

A statistical model of a porous medium with nonuniform 
poses has been constructed which matches experimental 
capillary pressure, permeability, and dispersion data. 
Several interesting properties are predicted from such a 
model. As one might expect, saturation is a function of 
capillary pressure and the parameters of flow radius dis- 
tribution. The permeability-porosity ratio is a function of 
the average radius squared and the pore radius distribu- 
tion. Thus, the permeability-porosity ratio causes dissipa- 
tion due to entrance-exit effects. The dispersion coeffi- 
cient is dependent on the parameters of both the pore 
radius and length distribution. Therefore, one would es- 
pect dispersion to change as a function of nonuniformity 
of the medium, even though the average resistance and 
tortuosity are constant. Furthermore, given a pore length 
distribution, the tortuosity is constant. Finally, for a non- 
uniform medium, a particle following the most probablc 
path is transported through the medium at a velocity dif- 
ferent from the Darcy velocity by a factor which is a 
function of the flow radius distribution. 
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NOTAT ION 

a, b 
aijki  = dispersivity tensor 
c = concentration 
Dij = dispersion tensor 
k = permeability 
K L  = longitudinal dispersion 
KT = transverse dispersion 
1 = pore length 
L = length of longest pore 
L k l  = displacement tensor 
M = normalization constant 
n = number of steps 
P =  pressure 
P,  = capillary pressure 

= parameters in length distribution 

Page 402 AlChE Journal May, 1970 



q = volumetric flow rate 
r = pore radius 
fi 
r 
S = saturation 
T = time 
u = velocity 
v = average pore velocity 
V p  = pore volume 

V = velocity along most probable path 
X,Y,Z= displacements in the x, y, z directions 

Greek Letters 

a, 8 = parameters in radius distribution 
t$ = porosity 
I/I = angle from y axis projected in xy plane 
p , [ , ~  = dimensionless coordinates 
e = angle from z axis 
u = surface tension 
(r2 = variance 
7 = dimensionless time 
p = viscosity 
o = angle of wetting 

Subscripts 
T = time 
Z = coordinate, z direction 
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Birefringent 
Transitiona I 

Flow 
Flow 

Visualization of 
Phenomena in an 

Isosceles Triangular Duct 
RICHARD W. HANKS and JAMES C. 

Brigham Young University, 

A flow visualization study was made with an optically birefringent solution of milling yellow 
dye in water flowing through a transparent duct of isoceles triangular cross section. The present 
data confirm a number of theoretical predictions concerning tronsitional phenomena in triangu- 
lar ducts. One of the most interesting of these phenomena i s  the existence of a region of 
simultaneous laminar and turbulent flow in the duct. The present results, which agree with the 
theory, indicate an order of laminar and turbulent flow which is inverse to previous observations 
made with smoke filament tracings. 

The phenomena associated with the transition from 
laminar to turbulent motion have been a subject of in- 
creasing interest to researchers in fluid mechanics since 
Reynolds (1) first performed his classical dye injection 
studies. The dye injection technique of Reynolds has 
since proved a tempting means of making visible the 
properties of flowing streams and for visualization of the 
properties of turbulent eddies in transitional flow ( 2  to 

J. C. Brooks is with the Fluor Corporation, Los Angeles, California. 

BROOKS 
Provo, Utah  

9) .  Although the method seems simple, it is not without 
its pitfalls. 

This technique was used (4, 5 )  in a series of studies 
performed with pipes and concentric annuli in which dye 
filaments were injected into a flowing water stream from 
a series of bent needle injectors.* As a result of these 

These injectors resembled a Pitot tube turned downstream. They 
consisted of hypodermic needle tubing having a 90’ bend near their 
terminus with the bent portion extending downstream parallel to the duct 
boundary. Dye was forced through these tubes and into the flowing 
stream. 
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